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April 14, 1864. 

Major-General SABINE, President, in the Chair. 

The Croonian Lecture was delivered by Prof. Hermann Helm- 
holtz, For. Memb. U.S., " On the Normal Motions of the Human 
Bye in relation to Binocular Vision/ 5 

The Motions of the Human Eye are of considerable interest, as well for 
the physiology of voluntary muscular motion in general, as for the 
physiology of vision. Therefore I may be allowed to bring before this 
Society the results of some investigations relating to them, which I have 
made myself; and I may ventureperhaps to hope that they are such as to 
interest not only physiologists and medical men, but every scientific man 
who desires to understand the mechanism of the perceptions of our senses. 

The eyeball may be considered as a sphere, which can be turned round 
its centre as a fixed point. Although this description is not absolutely 
accurate, it is sufficiently so for our present purpose. The eyeball, indeed, 
is not fixed during its motion by the solid walls of an articular excavation, 
like the bone of the thigh ; but, although it is surrounded at its posterior 
surface only by soft cellular tissue and fat, it cannot be moved in a per- 
ceptible degree forward and backward, because the volume of the cellular 
tissue, included between the eyeball and the osseous walls of the orbit, 
cannot be diminished or augmented by forces so feeble as the muscles of 
the eye are able to exert. 

In the interior of the orbit, around the eyeball six muscles are situated, 
which can be employed to turn the eye round its centre. Four of them, 
the so-called recti muscles, are fastened at the hindmost point of the orbit, 
and go forward to fix themselves to the front part of the eyeball, passing 
over its widest circumference — or its equator, as we may call it, if we con- 
sider the foremost and the hindmost points of the eyeball as its poles. These 
four recti muscles are from their position severally named superior, inferior, 
internal, and external. Besides these, there are two oblique muscles, the 
ends of which come from the anterior margin of the orbit on the side next 
the nose, and, passing outwards, are attached at that side of the eyeball 
which is towards the temple — one of them, the superior oblique muscle, 
being stretched over the upper side of the eyeball, the other, or inferior, 
going along its under side. 

These six muscles can be combined as three pairs of antagonists. The 
internal and external recti turn the eye round a perpendicular axis, so that 
its visual line is directed either to the right side or to the left. The supe- 
rior and inferior recti turn it round a horizontal axis, directed from the 
upper end of the nose to the temple ; so that the superior rectus elevates 
the visual line, the inferior depresses it. Lastly, the oblique muscles turn 
the eye round an axis which is directed from its centre to the occiput, so 
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that the superior oblique muscle lowers the visual line, and the inferior raises 
it ; but these last two muscles not only raise and lower the visual line ; 
they produce also a rotation of the eye round the visual line itself, of which 
we shall have to speak more afterwards. 

A solid body, the centre of which is fixed, and which can be turned 
round three different axes of rotation, can be brought into every possible 
position consistent with the immobility of its centre. Look, for instance, at 
the motions of our arm, which are provided for at the shoulder-joint by the 
gliding of the very accurately spherical upper extremity of the humerus in 
the corresponding excavation of the scapula. When we stretch out the arm 
horizontally, we can turn it, first, round a perpendicular axis, moving it 
forwards and backwards ; we can turn it, secondly, round a horizontal axis, 
raising it and lowering it ; and lastly, after having brought it by such 
motions into any direction we like, we can turn it round its own longitu- 
dinal axis, which goes from the shoulder to the hand ; so that even when 
the place of the hand in space is fixed, there are still certain different posi- 
tions in which the arm can be turned. 

Now let us see how far the motions of the eye can be compared to those 
of our arm. We can raise and lower the visual line, we can turn it to the 
left and to the right, we can bring it into every possible direction, through- 
out a certain range — as far, at least, as the connexions of the eyeball permit. 
So far the motions of the eye are as free as those of the arm, But when 
we have chosen any determinate direction of the eye, can we turn the eye 
round the visual line as an axis, as we can turn the arm round its longi- 
tudinal axis ? 

This is a question the answer to which is connected with a curious 
peculiarity of our voluntary motions. In a purely mechanical sense, we 
must answer this question in the affirmative. Yes, there exist muscles 
by the action of which those rotations round the visual line can be per- 
formed. But when we ask, "Can we do it by an act of our will?" we must 
answer, " No." We can voluntarily turn the visual line into every possible 
direction, but we cannot voluntarily use the muscles of our eye in such a 
way as to turn it round the visual line. Whenever the direction of the 
visual line is fixed, the position of our eye, as far as it depends upon our 
will, is completely fixed and cannot be altered. 

This law was first satisfactorily proved by Professor Bonders, of Utrecht, 
who, in a very ingenious way, controlled the position of the eye by those 
ocular spectra which remain in the field of vision after the eye had been 
fixed steadily during some time upon any brightly coloured object. I have 
used for this purpose a diagram like fig. 1 : the ground is grey paper, and 
in the middle, along the line a b, is placed a narrow strip of red paper on 
a broader strip of green paper*. The centre of the red strip is marked 
by two black points. When you look for about a minute steadily and 
without moving your eye at the centre of the diagram, the image of the 
* Green is represented in the figure by white ; red by the central dark stripe. 
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coloured strips is projected on the nervous membrane of your eye ; those 
parts of this membrane on which the light falls are irritated, and in con- 
sequence of this irritation, their irritability is exhausted, they are fatigued 

Fig. 1. 
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and they become less sensitive to that kind of light by which they 
were excited before. When you cease, therefore, to look at the coloured 
strips, and turn your eye either to the grey ground of the diagram, or to 
any other part of the field of vision which is of a uniform feeble degree of 
illumination, you will see a spectrum of the coloured strips, exhibiting the 
same apparent magnitude but with colours reversed, a narrow green strip 
being in the middle of a broader red one. The cause of this appearance is, 
that those parts of your retina which were excited formerly by green light 
are less affected by the green rays contained in white or whitish light than 
by rays of the complementary colour, and white light, therefore, appears 
to them reddish ; to those parts of the nervous membrane, on the other 
hand, which had been fatigued by red light, white light afterwards appears 
to be greenish. The nervous membrane of the eye in these cases behaves 
nearly like the sensitive stratum in a photographic apparatus, which is 
altered by light during the exposure in such a way that it is impressed 
differently afterwards by various agents ; and the impression of light on 
the retina may be, perhaps, of the same essential nature as the impression 
made upon a photographic plate. But the impression made on the living 
eye does not last so long as that on sensitive compounds of silver ; it vanishes 
very soon if the light be not too strong. Light of great intensity, like 
that of the sun when directly looked at, can develope very dark ocular 
spectra, which last a quarter of an hour, or even longer, and disturb the 
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perception of external objects very much, as is well known. One must be 
very careful to avoid the use of too strong a light in these experiments, 
because the nervous apparatus of the eye is easily injured by it ; and the 
brightness of these coloured strips when illuminated by common day- 
light is quite sufficient for our present purpose. 

Now you will perceive easily that these ocular spectra are extremely well 
adapted to ascertain the position of the eye-ball, because they have a fixed 
connexion with certain parts of the retina itself. If the eyeball could turn 
about its visual line as an axis, the ocular spectrum would apparently un- 
dergo the same degree of rotation ; and hence, when we move about the eye, 
and at last return to the same direction of the visual line, we can recognize 
easily and accurately whether the eye has returned into the same position 
as before, or whether the degree of its rotation round the visual line has 
been altered. Professor Bonders has proved, by using this very delicate 
test, that the human eye, in its normal state, returns always into the same 
position when the visual line is brought into the same direction. The 
position and direction of the eye are to be determined in this case in refer- 
ence to the head of the observer ; and I beg you to understand always, 
when I say that the eye or its visual line is moved upwards or downwards, 
that it is moved either in the direction of the forehead or in that of the 
cheek ; and when I say it is moved to the left or to the right, you are to 
understand the left or right side of the head. Therefore, when the head 
itself is not in its common vertical position, the vertical line here under- 
stood is not accordant with the line of the plummet. 

Before the researches of Bonders, some observers believed they had 
found a difference in the relative positions of the eye, when the head was 
brought into different situations. They had used either small brown spots 
of the iris, or red vessels in the white of the eye, to ascertain the real 
position of the eyeball ; but their apparent results have been shown to be 
erroneous by the much more trustworthy method of Bonders. 

In the first place, therefore, we may state that the position of the eye- 
ball depends exclusively upon the direction of the visual line in reference 
to the position of the head of the observer. But now we must ask, what 
is the law regulating the position of the eye for every direction of its visual 
line ? In order to define this law, we must first notice that there exists a 
certain direction of the visual line, which, in relation to the motions of the 
eye, is distinguished from all other directions of the eye ; and we may call 
it the central or primary direction of the visual line. This direction is 
parallel to the median vertical plane of the head ; and it is horizontal when 
the head of the observer, who is standing, is kept in a convenient erect 
position to look at distant points of the horizon. How this primary direc- 
tion of the visual line may be determined practically with greater accuracy 
we shall see afterwards. All other directions of the visual line we may 
call secondary directions. 

A plane which passes through the visual line of the eye, I call a meri- 
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dian plane of the eye. Such a plane cuts through the retina in a certain 
line ; and when the eye has been moved, we consider as the same meridian 
plane that plane which passes through the new direction of the visual 
line and the same points of the retina as before. 

After having given these definitions, we may express the law of the 
motions of the eye in the following way : — 

Whenever the eye is brought into a secondary position, that meridian 
plane of the eye which goes through the primary direction of the visual 
line has the same position as it has in the primary direction of the eye. 

It follows from this law that the secondary position of the eye may be 
found also by turning the eye from its primary position round a fixed axis 
which is normal as well to the primary as to the secondary of the visual 
line. 

[The geometrical relations of these different positions were explained by 
the lecturer by means of a moveable globe placed on an axis like the common 
terrestrial globes.] 

It would take too long to explain the different ways in which dif- 
ferent observers have tried to determine the law of the motions of the 
eyeball. They have employed complicated apparatus for determining the 
angles by which the direction and the rotation of the eye were to be 
measured. But usually two difficulties arise from the use of such instru- 
ments containing graduated circles, in the centre of which the eye must be 
kept steady. In the first place, it is very difficult to fix the head of the 
observer so firmly that he cannot alter its position during a continuous 
series of observations, and that he reassumes exactly the same position of 
the head when he returns to his measurements after a pause, — conditions 
which must necessarily be fulfilled if the observations are to agree with 
each other. Secondly, I have found that the eye must not be kept too 
long a time in a direction which is near to the limits of the field of vision ; 
else its muscles are fatigued, and the positions of the eyeball corresponding 
to different directions of the visual line are somewhat altered. But if we 
have to measure angles on graduated circles, it is difficult to avoid keeping 
the eye too long in directions deviating far from the primary direction. 

I think that it depended upon these causes, that the observations carried 
out by Meissner, Fick, and "Wundt agreed very ill with each other and 
with the law which I have explained above, and which was first stated by 
Professor Listing of Gb'ttingen, but without any experimental proof. 
Happily it is possible, as I found out, to prove the validity of this law by 
a very simple method, which is not subject to those^sources of error I have 
named, and which I may be allowed to explain briefly. 

In order to steady the attitude of the head in reference to the direction 
of the visual line, I have taken a little wooden board, one end of which is 
hollowed into a curve fitting the arch of the human teeth ; the margin of 
this hollow is covered with sealing-wax, into which, after it had been 
softened by heat and had been cooled again sufficiently, I inserted both 
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series of my teeth, so that I kept it firmly between my jaws. The impres- 
sions of the teeth remain indented in the sealing-wax ; and when I put 
my teeth afterwards into these impressions, I am sure that the little hoard 
is brought exactly into the same position, relatively to my head and my 
eyes, as it was before. On the other end of that little board, which is 
kept horizontally between the teeth, a vertical piece of wood is fastened, 
on which I fix horizontally a little strip of card pointed at each end, so 
that these two points are situated about five inches before my eyes, one 
before the right eye, the other before the left. The length of the strip of 
card must be equal to the distance between the centres of the eyes, which 
is 68 millimetres for my own eyes. Looking now with the right eye in 
the direction of the right point of that strip, and with the left eye in the 
direction of the left point, I am sure to bring the eyes always into the same 
position relatively to my head, so long as the position of the strip of card 
on the wooden piece remains unaltered. 

As a field of vision I use either a wall covered with a grey paper, in the 
pattern of which horizontal and vertical lines can be easily perceived, or a 
drawing-board covered with grey drawing-paper, on which a system of 
horizontal and vertical lines is drawn, as in fig. 1, and coloured stripes are 
fastened along the line ab. 

Now the observer at first must endeavour to find out that position of 
his eyes which we call the primary position. In order to do this, the ob- 
server takes the wooden piece between his teeth, and brings his head into 
such a position that his right eye looks to the centre of the coloured stripes, 
in a direction perpendicular to the plane of the drawing. Then he brings 
his head into such an attitude that the right end of the card- strip appears 
in the same direction as the centre of the coloured stripe. After having 
steadily looked for some time to the middle of the coloured stripe, he turns 
away his gaze to the end of either the vertical or horizontal lines, ah, cd 9 
which are drawn through the centre of the coloured stripe. There he will 
see an ocular spectrum of the coloured stripe, and will observe if it coin- 
cides with the horizontal lines of the drawing. If not, he must alter the 
position of the strip of card on the wooden bar to which it is fastened, till 
he finds that the ocular spectrum of the coloured stripe remains horizontal 
when any point either of the line ab or cd is looked at. When he has 
thus found the primary direction of his visual line for the right eye, he 
does the same for the left. 

The ocular spectra soon vanish, but they are easily renewed by looking 
again to the centre of the stripes. Care must be taken that the observer 
looks always in a direction perpendicular to the plane of the drawing 
whenever he looks to the centre of the coloured stripe, and that he does 
not move his head. If he should have moved it, he would find it out im- 
mediately when he looks back to tbe strip, because the point of the card- 
strip would no longer cover the centre of the coloured stripe. 

So you see that the primary direction of the visual line is completely 
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fixed, and that the eye, which wants only to glance for an instant at a 
peripheral point of the drawing, and then goes back again to the centre, 
is not fatigued. 

This method of finding the primary position of the eye proves at the 
same time that vertical and horizontal lines keep their vertical or hori- 
zontal position in the field of vision when the eye is moved from its pri- 
mary direction vertically or horizontally; and you see, therefore, that 
these movements agree with the law which I have enunciated. That is 
to say, during vertical movements of the eye the vertical meridian plane 
keeps its vertical position, and during horizontal movements the horizontal 
meridian. 

Now you need only bring either your own head into an inclined position, 
or the diagram with the lines, and repeat the experiment, putting your 
head at first into such a position that the centre of the diagram corre~ 
sponds with the primary direction of the visual line, and moving after- 
wards the eye along the lines a b or c d, in either a parallel or perpendicular 
direction to the coloured line of the diagram, and you will find the ocular 
spectrum of the coloured line coinciding with those black lines which 
are parallel with ah. In this way, therefore, you can easily prove the 
law of Listing for every possible direction of the visual line. 

I found the results of these experiments in complete agreement with 
the law of Listing for my own eyes, and for those of several other persons 
with normal power of vision. The eyes of very short-sighted persons, on 
the contrary, often show irregularities, which may be caused by the elon- 
gation of the posterior part of those eyes. 

These motions of our eyes are a peculiar instance of motions which, 
being quite voluntary, and produced by the action of our will, are never- 
theless limited as regards their extent and their combinations. We find 
similar limitations of motion of the eyes in other cases also. We cannot 
turn one eye up, the other down ; we cannot move both eyes at the same 
time to the outer angle ; we are obliged to combine always a certain de- 
gree of accommodation of the eyes to distance, with a certain angle of 
convergence of their axes. In these latter cases it can be proved that 
the faculty of producing these motions is given to our will, although our 
will is commonly not capable of using this faculty. We have come by 
experience to move our eyes with great dexterity and readiness, so that 
we see any visible object at the same time single and as accurately as 
possible ; this is the only end which we have learnt to reach by muscular 
exertion ; but we have not learnt to bring our eyes into any given position. 
In order to move them to the right, we must look to an object situated 
on our right side, or imagine such an object and search for it with our 
eyes. We can move them both inwards, but only when we strive to look 
at the back of our nose, or at an imaginary object situated near that 
place. But commonly there is no object which could be seen single by 
turning one eye upwards, the other downwards, or both of them out- 
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wards, and we are therefore unable to bring our eyes into such positions. 
But it is a well known fact, that when we look at stereoscopic pictures, and 
increase the distance of the pictures by degrees, our eyes follow the motion 
of the pictures, and that we are able to combine them into an apparently 
single object, although our eyes are obliged to turn into diverging direc- 
tions. Professor Donders, as well as myself, has found that when we 
look to a distant object, and put before one of our eyes a prism of glass 
the refracting angle of which is between 3 and 6 degrees, and turn the 
prism at first into such a position before the eye that its angle looks to the 
nose and the visual lines converge, we are able to turn the prism slowly, 
so that its angle looks upwards or downwards, keeping all this time the 
object apparently single at which we look. But when we take away the 
prism, so that the eyes must return to their normal position before they 
can see the object single, we see the object double for a short time — one 
image higher than the other. The images approach after some seconds of 
time and unite at last into one. 

By these experiments it is proved that we can move both eyes outward, 
or one up and the other down, when we use them under such conditions 
that such a position is required in order that we may see the objects single 
at which we are looking. 

I have sometimes remarked that I saw double images of single objects, 
when T was sleepy and tried to keep myself awake. Of these images one 
was sometimes higher than the other, and sometimes they were crossed, 
one of them being rotated round the visual line. In this state of the 
brain, therefore, where our will begins to lose its power, and our muscles 
are left to more involuntary and mechanical impulses, an abnormal rota- 
tion of the eye round the visual line is possible. I infer also from this 
observation, that the rotation of the eye round the visual axis cannot be 
effected by our will, because we have not learnt by which exertion of our 
will we are to effect it, and that the inability does not depend on any 
anatomical structure either of our nerves or of our muscles which limits 
the combination of motion. "We should expect, on the contrary, that, if 
such an anatomical mechanism existed, it should come out more distinctly 
when the will has lost its power. 

We may ask, therefore, if this peculiar manner of moving the eyes, 
which is determined by the law of Listing, is produced by practical exer- 
cise on account of its affording any advantages to visual perceptions. And 
I believe that certain advantages are indeed connected with it. 

We cannot rotate our eyes in the head, but we can rotate the head with 
the eyes. When we perform such a motion, looking steadily to the same 
point, we remark that the visible objects turn apparently a little round 
the fixed point, and we lose by such a motion of our eye the perception of 
the steadiness of the objects at which we look. Every position of the visual 
line is connected with a determined and constant degree of rotation, accord- 

VOL. XIII. Q 
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ing to the law of Bonders ; and in altering this rotation we should judge 
the position of external objects wrongly. 

The same will take place when we change the direction of the visual line. 
Suppose the amplitude of such motions to be infinitely small ; then we may 
consider this part of the field of vision, and the corresponding part of the 
retina on which it is projected, as plane surfaces. If during any motion of 
the eye the optic image is displaced so that in its new position it remains 
parallel to its former position on the retina, we shall have no apparent mo- 
tions of the objects. "When, on the contrary, the optic image of the visible 
objects is dislocated so that it is not parallel to its former position on the 
retina, we must expect to perceive an apparent rotation of the objects. 

As long as the motions of the eye describe infinitely small angles, the eye 
ean be moved in such a way that the optic image remains always parallel 
to its first position. For this end the eye must be turned round axes of 
rotation which are perpendicular to the visual line ; and we see indeed that 
this is done, according to the law of Listing, when the eye is moving near 
its primary position. But it is not possible to fulfil this condition com- 
pletely when the eye is moved through a wider area which comprises a 
larger part of the spherical field of view. For if we were to turn the eye 
always round an axis perpendicular to the visual line, it would come into 
very different positions after having been turned through different ways to 
the same final direction. 

The fault, therefore, which we should strive to avoid in the motions of 
our eye, cannot be completely avoided, but it can be made as small as pos- 
sible for the whole field of vision. 

The problem, to find such a law for the motions of the eye that the 
sum of all the rotations round the visual line for all possible infinitely 
small motions of the eye throughout the whole field of vision becomes a 
minimum, is a problem to be solved by the calculus of variations. I have 
found that the solution for a circular field of vision, which corresponds 
nearly to the forms of the actual field of vision, gives indeed the law of 
Listing. 

I conclude from these researches, that the actual mode of moving the 
eye is that mode by which the perception of the steadiness of the objects 
through the whole field of vision can be kept up the best ; and I suppose, 
therefore, that this mode of motion is produced by experience and exercise, 
because it is the best suited for accurate perception of the position of ex- 
ternal objects. 

But in this mode of moving, rotations round the visual line are not com- 
pletely avoided when the eye is moved in a circular direction round the 
primary position of the visual line ; and it is easy to recognize that in such 
a case we are subject to optical illusions. 

Turn your eyes to a horizontal line situated in the highest part of the 
field of vision, and let them follow this line from one end to the other. 
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The line will appear like a curved line, the convexity of which looks down- 
ward. When you look to its right extremity, it seems to rise from the left 
to the right; when you look to the left extremity of the line, the left end 
seems to rise. In the same way, all straight lines which go through the 
peripheral parts of the field of vision appear to be curved, and to change 
their position a little, if you look to their upper or their lower ends. 

This explanation relates only to Monocular vision ; we have to inquire 
also how it influences Binocular vision. 

Each eye has its field of vision, on which the visible objects appear dis- 
tributed like the objects of a picture, and the two fields with their images 
seem to be superimposed. Those points of both fields of view which ap- 
pear to be superimposed are called corresponding (or identical) points. 
If we look at real objects, the accurate perception of the superimposition 
of two different optical images is hindered by the perception of stereoscopic 
form and depth ; and we unite indeed, as Mr. Wheatstone has shown, two 
retinal images completely into the perception of one single body, without 
being able to perceive the duplicity of the images, even if there are very sen- 
sible differences of their form and dimensions. To avoid this, and to find 
those points of both fields of view which correspond with each other, it is 
necessary to use figures which cannot easily be united into one stereoscopic 
projection. 

In fig. 2 you see such figures, the right of which is drawn with white 
lines on a black ground, the left with black lines on a white ground. The 
horizontal lines of both figures are parts of the same straight lines ; the 
vertical lines are not perfectly vertical. The upper end of those of the 
right figure is inclined to the right, that of the left figure to the left, by 
about 1£ degree. 

Now I beg you to look alternately with the right and with the left eye 
at these figures. You will find that the angles of the right figure appear 
to the right eye equal to right angles, and those of the left figure so appear 
to the left eye ; but the angles of the left figure appear to the right eye to 
deviate much from a right angle, as also do those of the right figure to the 
left eye. 

When you draw on paper a horizontal line, and another line crossing it 
exactly at right angles, the right superior angle will appear to your right eye 
too great, to your left eye too small ,- the other angles show corresponding 
deviations. To have an apparently right angle, you must make the vertical 
line incline by an angle of about 1£ degree for it to appear really vertical ; 
and we must distinguish, therefore, the really vertical lines and the appa- 
rently vertical lines in our field of view. 

There are several other illusions of the same kind, which I omit because 
they alter the images of both eyes in the same manner and have no influ- 
ence upon binocular vision ; for example, vertical lines appear always of 
greater length than horizontal lines having really the same length. 

q2 
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Now combine the two sides of fig. 2 into a stereoscopic combination, 
either by squinting, or with the help of a stereoscope, and you will see that 
the white lines of the one coincide exactly with the black lines of the other, 
as soon as the centres of both the figures coincide, although the vertical 
lines of the two figures are not parallel to each other. 



r~\ 



\7 




era 
to 



Therefore not the really vertical meridians of both fields of view corre- 
spond, as has been supposed hitherto, but the apparently vertical meridians. 
On the contrary, the horizontal meridians really correspond, at least for 
normal eyes which are not fatigued. After having kept the eyes a long 
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time looking down at a near object, as in reading or writing, I found some* 
times that the horizontal lines of fig. 2 crossed each other; but they be- 
came parallel again when I had looked for some time at distant objects. 

In order to define the position of the corresponding points in both fields 
of vision, let us suppose the observer looking to the centres of the two sides 
of fig. 2, and uniting both pictures stereoscopically. Then planes may be 
laid through the horizontal and vertical lines of each picture and the 
centre of the corresponding eye. The planes laid through the dif- 
ferent horizontal lines will include angles between them, which we may call 
angles of altitude ; and we may consider as their zero the plane going 
through the fixed point and the horizontal meridian. The planes going 
through the vertical lines include other angles, which may be called angles 
of longitude, their zero coinciding also with the fixed point and with the 
apparently vertical meridian. Then the stereoscopic combination of those 
diagrams shows that those points correspond which have the same angles 
of altitude and the same angles of longitude ; and we can use this result 
of the experiment as a definition of corresponding points. 

We are accustomed to call Horopter the aggregate of all those points of 
the space which are projected on corresponding points of the retinse. 
After having settled how to define the position of corresponding points, the 
question, what is the form and situation of the Horopter, is only a geome- 
trical question. With reference to the results I had obtained in regard 
to the positions of the eye belonging to different directions of the visual 
lines, I have calculated the form of the Horopter, and found that gene- 
rally the Horopter is a line of double curvature produced by the inter- 
section of two hyperboloids, and that in some exceptional cases this line of 
double curvature can be changed into a combination of two plane curves. 

That is to say, when the point of convergence is situated in the middle 
plane of the head, the Horopter is composed of a straight line drawn 
through the point of convergence, and of a conic section going through 
the centre of both eyes and intersecting the straight line. 

When the point of convergence is situated in the plane which contains 
the primary directions of both the visual lines, the Horopter is a circle 
going through that point and through the centres of both eyes and a 
straight line intersecting the circle. 

When the point of convergence is situated as well in the middle plane of 
the head as in the plane of the primary directions of the visual lines, the 
Horopter is composed of the circle I have just described, and a straight 
line going through that point. 

There is only one case in which the Horopter is really a plane, as it was 
supposed to be in every instance by Aguilonius, the inventor of that name, — 
namely, when the point of convergence is situated in the middle plane of 
the head and at an infinite distance. Then the Horopter is a plane 
parallel to the visual lines, and situated beneath them, at a certain distance 
which depends upon the angle between the really and apparently vertical 
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meridians, and which is nearly as great as the distance of the feet of 
the observer from his eyes when he is standing. Therefore, when we look 
straight forward to a point of the horizon, the Horopter is a horizontal plane 
going through our feet — it is the ground upon which we are standing. 

Formerly physiologists believed that the Horopter was an infinitely 
distant plane when we looked to an infinitely distant point. The differ- 
ence of our present conclusion is consequent upon the difference between 
the position of the really and apparently vertical meridians, which they did 
not know. 

When we look, not to an infinitely distant horizon, but to any point of 
the ground upon which we stand which is equally distant from both our 
eyes, the Horopter is not a plane ; but the straight line which is one of its 
parts coincides completely with the horizontal plane upon which we are 
standing. 

The form and situation of the Horopter is of great practical importance 
for the accuracy of our visual perceptions, as I have found. 

Take a straight wire — a knitting-needle for instance — and bend it a little 
in its middle, so that its two halves form an angle of about four degrees. 
Hold this wire with outstretched arm in a nearly perpendicular position 
before you, so that both its halves are situated in the middle plane of your 
head, and the wire appears to both your eyes nearly as a straight line. 
In this position of the wire you can distinguish whether the angle of the 
wire is turned towards your face or away from it, by binocular vision only, 
as in stereoscopic diagrams ; and you will find that there is one direction 
of the wire in which it coincides with the straight line of the Horopter, 
where the inflexion of the wire is more evident than in other positions. 
You can test if the wire really coincides with the Horopter, when you look 
at a point a little more or a little less distant than the wire. Then the wire 
appears in double images, which are parallel when it is situated in the 
If oropter line, and are not when the point is not so situated. 

Stick three long straight pins into two little wooden boards which can slide 
one along the other ; two pins may be fastened in one of the boards, the third 
pin in the second. Bring the boards into such a position that the pins are 
all perpendicular and parallel to each other, and situated nearly in the 
same plane. Hold thern before your eyes and look at them, and strive to 
recognize if they are really in the same plane, or if their series is bent 
towards you or from you. You will find that you distinguish this by 
binocular vision with the greatest degree of certainty and accuracy (and 
indeed with an astonishing degree of accuracy) when the line of the three 
pins coincides with the direction of the circle which is a part of the 
Horopter. 

From these observations it follows that the forms and the distances of 
those objects which are situated in* or very nearly in, the Horopter, are 
perceived with a greater degree of accuracy than the same forms and 
distances would be when not situated in the Horopter. If we apply this 
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result to those cases in which the ground whereon we stand is the plane of 
the Horopter, it follows that, looking straight forward to the horizon we 
can distinguish the inequalities and the distances of different parts of the 
ground better than other objects of the same kind and distance. 

This is actually true. We can observe it very conspicuously when we 
look to a plain and open country with very distant hills, at first in the 
natural position, and afterwards with the head inclined or inverted, looking 
under the arm or between our legs, as painters sometimes do in order 
to distinguish the colours of the landscape better. Comparing the aspect 
of the distant parts of the ground, you will find that we perceive very 
well that they are level and stretched out into a great distance in the 
natural position of your head, but that they seem to ascend to the horizon 
and to be much shorter and narrower when we look at them with the head 
inverted : we get the same appearance also when our head remains in its 
natural position, and we look to the distant objects through two rectangular 
prisms, the hypothenuses of which are fastened on a horizontal piece of 
wood, and which show inverted images of the objects. But when we invert 
our head, and invert at the same time also the landscape by the prisms, we 
have again the natural view and the accurate perception of distances as in 
the natural position of our head, because then the apparent situation of 
the ground is again the plane of the Horopter of our eyes. 

The alteration of colour in the distant parts of a landscape when viewed 
with inverted head, or in an inverted optical image, can be explained, I 
think, by the defective perception of distance. The alterations of the 
colour of really distant objects produced by the opacity of the air, are well 
known to us, and appear as a natural sign of distance; but if the same 
alterations are found on objects apparently less distant, the alteration of 
colour appears unusual, and is more easily perceived. 

It is evident that this very accurate perception of the form and the 
distances of the ground, even when viewed indirectly, is a great advantage, 
because by means of this arrangement of our eyes we are able to look at 
distant objects, without turning our eyes to the ground, when we Walk. 



April 21, 1864. 
Major-General SABINE, President, in the Chair. 

The following communications were read :-— 

I. "On the Orders and Genera of Quadratic Forms containing 
more than three Indeterminates." By H. T. Stephen Smith, 
M.A., J\R.S., Savilian Professor of Geometry in the University 
of Oxford. Received March 22, 1864. 

Let us represent by f x a homogeneous form or quantic of any order 
containing n indeterminates ; by (a^ 1 )), a square matrix of order n ; by 
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